We explore the external electric field control of a species of ultralong-range molecules that emerge from the interaction of a ground state polar molecule with a Rydberg atom. The external field mixes the Rydberg electronic states and therefore strongly alters the electric field seen by the polar diatomic molecule due to the Rydberg electron. As a consequence, the adiabatic potential energy curves responsible for the molecular binding can be tuned in such a way that an intersection with neighboring curves occurs. The latter leads to admixture of s-wave character in the Rydberg wave function and will substantially facilitate the experimental preparation and realization of this particular class of Rydberg molecule species.
I. INTRODUCTION
Because of their exaggerated properties (long lifetimes, strong long-range interactions, large sizes, etc.) Rydberg atoms have emerged as leading candidates for studies of strongly correlated systems, many-body quantum phases, quantum information processing, and for nonequilibrium dynamics in cold and ultracold atomic plasmas [1] . A couple of recent developments in the field of cold Rydberg physics are the creation of a frozen Rydberg gas [2] , and the realization of Rydberg blockade and Rydberg qubits [3] [4] [5] [6] . One area of particular interest is the prediction and subsequent experimental realization of ultralong-range Rydberg molecules [7, 8] . This prototypical giant Rydberg molecule consists of an atom excited to a Rydberg state with large principal quantum number n, combined with a ground-state atom that is within the Rydberg electron orbit. Binding in this system results from frequent, low-energy scattering of the electron off the ground state atom, whose interaction is characterized with a Fermi zero-range potential proportional to the scattering length of Rydberg electron with the ground state atom. If the scattering length is negative, the zerorange effective interaction is attractive [9] and can bind the ground state atom to the Rydberg atom.
As with all Rydberg systems, these molecules respond sensitively to external fields [10] [11] [12] . In the original work of Greene et al. [7] , a class of Rydberg molecules (so called "trilobite" molecules) were predicted to have massive dipole moments, on the order of kiloDebye (kD), presenting extreme sensitivity to applied electric fields.More recently, an investigation of the Stark spectrum of s-wave dominated Rydberg molecules has produced the first direct measurement of a permanent dipole moment in a homonuclear molecule [13] . The same binding mechanism has been proposed to give rise to ultralong-range giant dipole molecules formed by a neutral alkali ground state atom that is bound in a decentered electronic wave function of a giant dipole atom [14] .
In this work, we focus on a new type of polyatomic Rydberg molecule formed from the interaction of a Rydberg atom and a polar molecule perturber; first predicted in Ref. [15] . By considering a nearly degenerate set of higher angular momentum (l > 2 in rubidium atom) electronic states, it was predicted that a lambda-doublet molecule with a sub-critical Fermi-Teller dipole moment (d 0 < 1.639 D) can bind to a Rydberg atom. The resulting giant molecules were predicted to be relatively deeply bound, with binding energies ∼ 10 GHz, and possess very large dipole moments, d ∼ 1 kD. Furthermore, the molecule can form in two different spatially and energetically separated configurations corresponding to parallel and antiparallel alignment of the perturber's dipole moment. In a followup study [16] , it was found that the electronic structure of the Rydberg molecule could be modified as a function of the perturber polar molecule permanent dipole moment. For large dipole moments (d 0 1.3 D for the rubidium Rydberg atoms studied in [16] ), a significant amount of s-wave character is admixed into the electronic state of the highly localized Rydberg molecule.
The molecules investigated in the present work combine the appealing aspects of ultracold Rydberg and polar molecule systems: the ease of control and manipulation of Rydberg energies and timescales, and the relatively large dipole moments (∼ 1 D, as in KRb [17] ) of polar molecules in their ground electronic states. Recently, it was shown that state-dependent molecular Rydberg systems could be used to dramatically increase the effective interaction length between polar molecules confined in deep optical lattices. Rydberg atom-mediated interaction with polar molecules provides an additional knob in such systems for single site addressing of molecular qubits [18] .
In this paper, we examine the behavior of Rydberg molecules formed by a polar perturber with a sub-critical dipole moment under the influence of small external fields (F ext < 14 V/cm). Due to the existence of large per-manent dipole moments for the large triatomic Rydberg molecules, large linear Stark shifts are expected similar to the linear shift for a bare (hydrogen) Rydberg atom [10] . At zero external field, we confirm that the electronic structure of these molecules has negligible s-wave character. However, due to the strong Stark shift of the molecule, we find that, in the presence of small external fields (F ext ∼ 7 V/cm), a set of broad avoided crossings are introduced in the s-wave dominated molecular Born-Oppenheimer (BO) potentials. This additional swave coupling induces significant s-wave admixture into the molecular electronic state in a manner similar to that seen for larger perturber dipole moments [16] . The sensitivity of these molecules to external fields offers the unique possibility to tune their electronic structure using quite small fields, making them experimentally accessible via standard two photon photo-association [8] .
The paper is arranged as follows. In section II, we introduce the adiabatic Hamiltonian which describes the electron-polar molecule interaction considered here, and discuss the methods used to diagonalize it. In section III, the convergence behavior of the resulting BO potentials with respect to the Rydberg electron basis set is analyzed. In section IV, we present the Stark spectrum and electronic state control of the lowest vibrationally bound states of the Rydberg molecule. Finally, in section V, we summarize our results and propose future avenues of inquiry.
II. ADIABATIC HAMILTONIAN
The polar molecule is modeled as a two-level system in which the opposite parity states are mixed in the presence of an electric field, i.e.,
where ∆ is the zero field splitting between the two molecular states (as in a Λ-doublet molecule), d 0 is the permanent dipole moment of the molecule in the body fixed frame, and F is an electric field external to the polar molecule [16] . Specifically, the electric field stems from the Rydberg electron (F e ), the Rydberg ionic core (F c ), and a superimposed external field (F ext ),
where e is the electron charge, R is the Rydberg ionic core-polar molecule separation vector and r is the position of the Rydberg electron with respect to the core. polar molecule internal states. The system under consideration is illustrated in Fig. (1) . We remark that, as in Ref. [16] , the model Hamiltonian (1) is suitable for Λ doublet molecules (such as OH and CH) where a permanent dipole arises from the interaction of two opposite parity electronic states. Furthermore, we consider only subcritical dipoles, d 0 < d c = 1.63 D [19] . The Hamiltonian (1) depends on the mutual orientation of the electric fields involved. Here, we assume the minimal energy configuration where d 0 is aligned by the electric field of the ionic core (defined as the z-direction). As shown in Refs. [15, 16] , the Rydberg atom -polar perturber complex gives rise to giant permanent dipole moments d in the kD range. A small external field will immediately orient the dipole along the field direction. Here we choose the external field to be antiparallel to the z-axis, F ext = −F ext e z , such that the configuration depicted in Fig. 1 results in which the polar perturber is localized on the positive z-axis, R = Rẑ. Eq. (2) then becomes
where F ( R, r) = F ( R, r) e z and θ r− R = ( r − R) · R/R| r − R|. This means that the projection m of the Rydberg electron angular momentum along R is conserved. To find the BO potentials, we solve the adiabatic Schrödinger equation at fixed polar molecule location
with
As in Ref. [16] , the first term,
r + V l (r) + H S , describes the unperturbed Rydberg atom but now with addition of the Stark effect
of the Rydberg atom. The core penetration, scattering, and polarization effects of the Rydberg electron are accounted for by the l-dependent model potential V l (r) [20] , giving rise to the quantum defects of the low angular momentum Rydberg states. m e is the electron mass, ψ is the electron wave function, and σ is a collective coordinate for the internal states of the polar molecule. The eigenvalues U (R) of Eq. (5) serve as the BO potentials for the Rydberg molecule.
To solve Eq. (5), the total wave function is expanded in the basis {ψ nlm ( r) |± } where ψ nlm ( r) is an unperturbed Rydberg orbital and |± are the polar molecule parity states. For low angular momentum states (l ≤ 2), where the core effects matter, the Rydberg orbitals are obtained by solving the field-free atomic Hamiltonian H A by means of a discrete variable technique [21] . For high angular momentum states (l > 2) the Rydberg orbitals are taken as the hydrogenic wave functions. The Hamiltonian (6) is diagonalized in an extended basis set comprising several Rydberg n manifolds (see Sec. III for a discussion on the actual number of Rydberg manifolds needed to achieve convergence). The matrix elements for F ext = 0 are presented in Ref. [16] and require the numerical integration of highly oscillating functions. The matrix elements of the atomic Stark Hamiltonian H S need either to be determined numerically whenever a low angular momentum state is involved or can be calculated analytically for the hydrogenic eigenstates,
Overall, the adiabatic Hamiltonian matrix assumes the following form,H
whereĪ is the unity matrix,H A =Ē Ryd +H S is the matrix representation of H A withĒ Ryd being the diagonal matrix containing the field-free Rydberg energies, andF is the electric field matrix whose elements are given in [16] with an additional diagonal offset of F ext due to the external electric field. The atomic and molecular degrees of freedom are coupled by the electric field (4) that mixes both the Rydberg orbitals as well as the parity states of the polar molecule, cf. Eq. (1). The BO potentials are found by diagonalizing the matrix (12) at each R. The quantum defects used in this work for the determination ofĒ Ryd are those for the rubidium atom [10] : µ s = 3.13, µ p = 2.65, µ d = 1.35, µ f = 0.016, and µ l>3 ≈ 0. While our focus is on Rb, the current technique can be extended to any highly excited Rydberg atom by using the appropriate quantum defects.
III. BASIS SET
In calculating the BO potential surfaces -by diagonalizing Hamiltonian (12) -care must be exercised with respect to the basis size. The larger the dipole d 0 of the polar perturber, the more Rydberg orbitals are needed to describe the localization of the Rydberg electron at the dipole. In this work, we consider a model perturber whose dipole moment corresponds to that of a rigid ro- tor molecule (KRb) in its ground rovibrational state, d 0 = 0.566 D [22] . Accordingly, the splitting ∆ is chosen as the rotational splitting of the KRb molecule between the ground and first excited rotational state, ∆ = 2.228 GHz [23] . As mentioned before, we remark that for non-Λ-doublet molecules such as KRb, the present framework is not suitable. Hence, while we do not expect quantitative predictions for the KRb molecule, significant insight can be gained for Λ doublet molecules with subcritical dipoles of the same order as that for KRb.
In Fig. 2 , we provide a convergence study of the BO potentials stemming from the n = 34 Rydberg manifold as a function of the basis size. Fig. 2(a) illustrates the basis: The zero order basis (highlighted in white) includes the {n = 34, l > 2} manifold as well as the 37s quantum defect split state which is energetically close to the n = 34 manifold. The larger basis sets include an increasing number ∆n of Rydberg manifolds, distributed symmetrically around the intended Rydberg state n (highlighted in increasingly darker shades of green/gray); in addition the {(n + ∆n + 1, s, p, d), (n + ∆n + 2, s, p), (n + ∆n, s)} states are included. For all bases, only m l = 0 is considered. In Fig. 2(b) , the BO potentials for the different basis sets for F ext = 0 are displayed. A clear convergence trend from the zero order basis (red dashed line, 32 basis functions) to the largest basis set (∆n = 6, black solid line, 448 basis functions) is found. The zero order basis already provides quantitatively adequate results. Hence, we will use the zero order calculations as the basis for the ensuing discussions.
It is not a priori clear if the zero order basis is able to produce satisfactory results for the field-dressed BO potentials. In Fig. 2(c) , the convergence study is presented for an external field F ext = 8.0 V/cm which is chosen such that the BO surfaces cross through the 37s threshold. One finds basically the same convergence behavior as in the field-free case, validating the use of the zero order basis also for finite external fields. We remark that even in the zero order basis we accounted for the small quadratic Stark effect of the 37s state. The two lowest asymptotes are split in by the parity splitting, ∆ = 2.228 GHz.
IV. RESULTS
The most salient features of the BO potentials in the field-free case were already discussed in Refs. [15, 16] : The modulations that form a series of wells reflect the oscillatory nature of the Rydberg electron wave function and the outer most wells in the lowest two potentials are deep enough to support many vibrational levels. The size of the resulting polyatomic Rydberg molecules scales as R ryd ∝ n 2 and the well depths scale as V D ∝ d 0 /n 3 . The addition of an external electric field has potentially two effects: it can act directly on the molecular dipole d 0 and it can influence the Rydberg atom. The former is negligible since the electric field due to the ionic core dominates in the range of energies we are interested in. The Rydberg atom, on the other hand, is highly susceptible to external fields. Moreover, the Stark effect is state dependent: While the degenerate l > 2 manifold shows a strong linear Stark effect, the low angular momentum states, which are split by the quantum defect, possess weak quadratic Stark effect. In particular, the (n + 3)s state, which is the energetically closest state to the degenerate n manifold, shows an almost constant behavior for small fields. As a result, the n(l > 2) levels cross through the (n + 3)s state already for small electric fields (F ≈ 7 − 8 V/cm for n = 34). This provides an excellent handle for the field-controlled manipulation of the BO molecular states.
An overview of the relevant BO surfaces for two different external fields, namely, F ext = 0 and F ext = 8.0 V/cm, is provided in Fig. 3 for the n = 34 polyatomic Rydberg molecules. At zero field (solid lines), the n = 34(l > 2) BO potentials are well separated from the quantum defect split 37s state. As indicated above, the external field results in a linear shift of the degenerate states while the 37s state is barely affected. Accordingly, already for a small external field of F ext = 8.0 V/cm (dashed lines) the outer two wells of the n = 34 surfaces are no longer separated from the 37s state but cut through it. In the absence of an external field, a similar effect can be achieved if the molecular dipole d 0 is closer to its critical value [16] .
A closer look at the transition of the potential wells through the 37s threshold is provided in Fig. 4 where closeups of the BO potentials for the three field strengths (a) F ext = 6.0 V/cm, (b) F ext = 7.0 V/cm, and (c) F ext = 8.0 V/cm are presented. The first few vibrational states supported by the outer well are shown at their respective energies; note that all vibrational states are computed based on purely adiabatic potentials, neglecting nonadiabatic couplings. The potentials support multiple vibrational states [15, 16] . This holds even in the case where the n = 34 potential wells are strongly mixed with the 37s states, cf. Fig. 4(b) . In this case, the potentials acquire a substantial amount of s-wave character thereby, in principle, allowing for the production of the polyatomic Rydberg molecules by two-photon excitation from a mixture of ultracold ground state atoms and molecules; see also Fig. 6 for a further discussion of the s-wave admixture. The influence of the s-wave states can be also observed in the electronic wave functions at the minimum of the potential wells, as shown in the insets of Fig. 4 . Just before and after the potentials cut through the 37s threshold, cf. Figs. 4(a,c) , one finds electronic wave functions typical for the polyatomic Rydberg molecules based on the high angular momentum Rydberg states [15] . For the case of Fig. 4(b) , however, the strong s-wave influence diminishes the localization of the Rydberg electron around the polar perturber and the wave function starts to approach the spherical symmetry of the s-wave state.
A more detailed investigation of the Stark effect of the potentials is found in Fig. 5 . The subfigure 5(a) shows the Stark effect of the outermost potential well (solid lines), i.e., the field dependent energy E R of the associated minimum. The Stark effect of the Rydberg states is indicated as orange/gray dashed lines. Because the right well stems from the lowest Stark state of the n = 34, l > 2 manifold, E R shows a linear Stark shift of approximately
Deviations from Eq. (13) are due to the fact that we include the f -wave quantum defect. As can also be seen in Fig. 5(a) , the Stark shift of the 37s Rydberg state is negligible on the scale of energies considered here, allowing for a crossing of the potential wells through the s-wave thresholds already for relatively small external fields of about F ext ≈ 7 kV/cm. Fig. 5(b) shows the Stark effect of the two outermost potential wells, E R and E L , offset by ∆(F ext ). Since the latter corresponds approximately to the linear Stark effect of E R/L , one finds an almost constant behavior as a function of F ext . In addition, one clearly observes the deviation from the linear Stark effect when the potential wells cross through the s-wave threshold. The non-linear behavior near F ext ≈ 7 V/cm occurs after subtracting the linear offset (13) , revealing the strong admixture of the s-wave state. In addition to the Stark effect of the BO surface, Fig. 5(b) features the actual energies of the first two vibrational states of either of the two outermost potential wells as a function of the external field F ext . As expected, they follow the Stark effect of the corresponding BO surfaces. However, as the wells approach the s-wave threshold, strong avoided crossings flatten the potential wells, leading to smaller vibrational splittings.
More details on the s-wave character of the polyatomic Rydberg states can be found in Fig. 6 . We define the swave contribution of a certain polyatomic Rydberg state as
where χ(R) is its vibrational wave function and b(R) defines the s-wave admixture of the electronic wave function for a fixed position R of the polar perturber via
ψ(R; r) denotes the electronic part of the adiabatic channel function with ψ d ( r) including the higher electronic angular momentum Rydberg states with l > 2 and ψ s ( r) being the s-wave Rydberg electron wave function. As expected, β peaks for external fields where the potentials cross through the 37s threshold, which occurs rather rapidly. Hence, the admixing of large amounts of s-wave character (β 20%) becomes possible for initially neardegenerate high-l polyatomic Rydberg molecules via the application of a small external electric field. We excluded in Fig. 6 the region where the potentials wells E R/L are in between the two s-wave thresholds (split by the Λ-doublet splitting), as the determination of the vibrational states in this region is no longer characterized in the single-channel picture, due to multiple avoided crossings between the adiabatic channels. 
V. CONCLUSIONS AND OUTLOOK
In this paper, we have described the behavior of giant, polyatomic, Rydberg molecules formed by a polar perturber in the presence of weak external electric fields. For smaller dipole moments (d ∼ 0.5 D) we showed that the BO potentials are converged using a surprisingly small set of Rydberg orbitals. Using only a n(l > 2) nearly degenerate set of hydrogenic Rydberg orbitals, augmented with the (n + 3)s state, the BO potentials are converged to within approximately 10% at zero field. Similar convergence behavior was found at finite fields as long as the quadratic Stark shift on the (n + 3)s state was taken into account.
Many of the salient features of these molecules persist in the presence of an external field, most importantly their large size (R 0 ≈ 2000 a.u. ∼ n 2 ), and an isolated double well structure which corresponds to different orientations of the polar perturber dipole moment. As expected, these molecules exhibit a strong linear Stark shift at small external fields due to their extremely large dipole moments, d ≈ 4 kD for n = 34.
Due to their extreme sensitivity to external fields, small fields can be used to significantly influence the electronic structure of these molecules. For a small range of external fields (6.0 V/cm < F ext < 8.0 V/cm for the n = 34 states studied here), the outer-most potential wells go through a set of avoided crossings with two s-wave dominated potentials. These avoided crossings significant modify the structure of the Rydberg electron wave functions, admixing large amounts of s-wave character (β 20%). For larger fields, the wells pass through the s-wave threshold, and the electronic structure corresponding to their minima reverts to highly-localized behavior. The avoided crossings should change the dynamics and lifetimes of the molecule. These topics are the subjects of ongoing studies.
We have focused on molecules formed from a rubidium Rydberg atom perturbed by a Λ-doublet molecule whose dipole moment and zero-field splitting were chosen to agree with the dipole moment, and rotational splitting of KRb. We expect that the behavior demonstrated here will persist, however, for any system consisting of an alkali metal Rydberg atom and a Λ-doublet molecule with a sufficiently small (subcritical) dipole moment (d 0 0.6 D), though the field value at which s-wave avoided crossings are induced will depend on the principal quantum number, the atomic species, and the perturber dipole moment. While the predictions here are not likely to be applicable to more conventional rigid-rotor type polar molecules, we can expect that Rydberg molecules formed using such molecules will exhibit similar topological features (e.g., a double well structure and field dependent s-wave admixtures). A more realistic model of the polar perturber for this type of system is needed and is a subject of ongoing inquiry.
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